Abstract. Let A, B, be finite subsets of an abelian group, and let G ⊂ A × B be such that #A, #B, #{a + b : (a, b) ∈ G} ≤ N . We consider the question of estimating the quantity #{a − b : (a, b) ∈ G}. In [2] Bourgain improved the trivial upper bound of N 2 to N 2− 1 13 , and applied this to the Kakeya conjecture. We improve Bourgain's estimate further to N 2− 1 6 , and conclude that Besicovitch sets in R n have Hausdorff and Minkowski dimension at least 6n 11
Introduction
Let N be a positive integer, and let (Z, +) be an abelian group 1 . Let A, B, C be finite subsets of Z with cardinality #A, #B, #C ≤ N.
(
Suppose that G is a subset of A × B such that a + b ∈ C for all (a, b) ∈ G;
we consider the problem of obtaining upper bounds for the cardinality of the difference set #{a − b : (a, b) ∈ G}.
This question arises naturally in the study of the Kakeya problem [2] , [5] .
From (1) we have the trivial bound (3) ≤ N 2 . In [2] Bourgain improved this to (3) ≤ N 2− 1 13 , using some ideas of Gowers [3] in his work on the Balog-Szemerédi theorem [1] . The purpose of this note is to improve this further to In [2] , this was obtained via a quantitative variant of the Balog-Szemerédi theorem. Our approach is different and relies on elementary combinatorics, in particular a form of the Cauchy-Schwarz inequality which we provide in an Appendix. As 1991 Mathematics Subject Classification. 42B25, 05C35. 1 The exact choice of Z is unimportant, and one can take Z to be the integers with no loss of generality; see [4] . a consequence, we have no new quantitative bounds for Balong-Szemerédi type theorems.
By the arguments in [2] this implies a bound on the Minkowski and Hausdorff dimensions of Besicovitch sets. Recall that a Besicovitch set in R n , n > 1 is a set which contains a unit line segment in every direction. The Kakeya conjecture states that such sets must have full dimension. This bound is new for n > 12; for n ≤ 12 the bound n 2 + 1 established in [6] is equal or better. We remark that Theorem 1.1 can also be used to slightly improve some other recent work on the Kakeya problem in [2] and [5] .
In the converse direction, a simple variant of an example in [4] shows that (3) can be as large as N log(6)/ log(3) = N 2−0.36907... . Namely, let n be a large integer and for every integer 0 ≤ a < 7 n let d 0 (a), . . . , d n−1 (a) ∈ {0, . . . , 6} be the digits of a base 7, thus
If we set Z to be the integers and
then we easily see that the hypotheses are satisfied with N = 3 n and (3) = #G = 6 n , hence the claim.
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Proof of Theorem 1.1
By removing redundant elements of G, we may assume
in which case we need to show
We shall need some notation. Henceforth A, B, C, G, N, Z will be fixed.
Definition 2.1. Define the sets
we refer to elements of V and H as vertical and horizontal line segments respectively. We define the length l : V ∪ H → Z of a vertical or horizontal line segment to be
The main idea in the proof of Theorem 1.1 shall be to obtain good upper and lower bounds for the quantity
Roughly speaking, the conditions (2) and (1) force (6) to be large, while (4) forces (6) to be small. More precisely, we have
Proof Define the auxilliary set
Proof Call an element a ∈ A popular if
From the Cauchy-Schwarz inequality (13) and (1) we thus have
We rewrite this as
By construction, a is popular, and we thus have #L ≥ (2) and (1), the range of f has cardinality at most N 3 . By Cauchy-Schwarz (13) and the above Lemma we thus have
. From the definitions we have
and (a
, a 2 , a 1 ) are vertical and horizontal line segments with l(v) = l(h). From (7) we see the map (x 1 , x 2 ) → (v, h) is one-to-one, and the claim follows.
To obtain an upper bound on (6) we use Cauchy-Schwarz (12) to obtain
The estimate (5) then follows immediately from Proposition 2.2 and the following Proposition, combined with its analogue for horizontal line segments:
Proof We shall need an auxilliary bound. Let π :
Lemma 2.5. For all d ∈ Z, we have
Proof Fix d, and let (v 1 , v 2 ) be in the set in (8). Writing
, we see from the definitions that b
and (a 2 , b
From (9) and some arithmetic we see that
From (10), (11), and (4) we see that for each (a 1 , b 2 ) ∈ A × B there can be at most one pair (a 2 , b ′ 2 ) which contributes to (8). From (9), we see that we can reconstruct b 2 ) is one-to-one. The claim then follows from (1).
We now apply (8). From (2) and (1) the range of π has cardinality at most N 2 . From Cauchy-Schwarz (13) we therefore have
We can re-arrange this as
From the elementary inequality ab ≤ 
which we re-arrange as
From (8) we thus have
But this simplifies to N 2 #P ≥ N −2 (#P ) 2 , which is the desired inequality.
For comparison, the trivial bound on #P coming from (1) is #P ≤ N 5 , while the trivial bound on (8) is N 3 .
Appendix: The Cauchy-Schwarz inequality
Let A, B, X be arbitrary finite sets and let f : A → X, g : B → X be functions. If we let B = X and g be the identity map, this simplifies further to
